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Abstract: Differential quadrature method (DQM) is used to analyze the stability and the free vibration
behavior of axially loaded simply supported tapered Bernoulli beam rested on a two parameter elastic
foundation. The depth of the beam is assumed to increase linearly from one end till the midpoint of the
beam and then decrease linearly to the other end, whereas the width of the beam is assumed to be
constant. A discretization has been done to the governing differential equation at sampling points, then
homogeneous algebraic equations are obtained by substituting the implemented boundary conditions
into the governing differential equation. After that, equivalent two-parameter eigenvalue problem is
obtained and solved for the stability parameter for static case and the frequency parameter for dynamic
case. The obtained solutions are verified against those from other technique. The effects of different
parameters on the critical loads and the frequencies parameters are investigated.

Keywords: Tapered Bernoulli beam, simply supported, differential quadrature, axial load, and natural
frequencies.

1. Introduction

Beams are classified according to their profile (the shape of their cross-section), their length, and their
material. The weight of the structural elements have a great influence on justify the functional
requirements of the structure. Therefore, Tapered elements are generally used in many practical
applications to optimize the weight of the structural elements. The static and dynamic behavior of such
elements need design criteria to identify the optimal configurations. The analytical solution of tapered
structural elements is very hard to obtain due to the complication of the partial differential governing
equations. Therefore numerical methods are used to solve these complicated equations. Different
configurations for simple cases are investigated by several researchers to acquire stability and/or vibration
behaviors of such structural elements [1-3]. Taha et.al [4] solved the free vibration of non-uniform beam
resting on elastic foundation using Bessel functions. Ruta [5] used the Chebychev series to study the
vibration of non-prismatic beam. Sato [6] studied the effect of end restraints and axial force on the
vibration frequencies for tapered beams using Ritz method. Rosa et.al [7] introduced dynamic stability of
Euler-Bernoulli beam on two parameter elastic soil subjected to partially tangential forces in the presence
of elastically flexible constraints. Seong-Min Kim [8] introduced the vibration analysis of an infinite
Bernoulli-Euler beam resting on Winkler type elastic foundation. Bichir and Nassar [9] solved the
problem of the free and forced vibrations of a delaminated beam-plate resting on elastic foundation.

http://dx.doi.org/10.17758/UR.U0316322 84



Another numerical methods such as finite element method [11-12] and differential quadrature method
(DQM) [12-17] are used to study certain configurations of such models.

In the present paper, the stability and vibration behavior of axially loaded simply supported tapered beams
are studied using the DQM. The obtained solutions were verified against the FEM solution [4] and found
in close agreement. The main differences between the present work and the previous one are the method
of solution. The effects of different parameters related to the studied model on the load and frequency
parameters are investigated.

2. Problem Formulation:

2.1. Vibration Equation:

Consider a linearly tapered beam with variable depth d(x), constant width (b) and length (L) is resting
on a two-parameter elastic foundation and subjected to an axial force (Po) and vertical dynamic load
g(x,t) with pinned-pinned supports as shown in Fig.(1) and Fig.(2).

q(x, t)dx

a1
Elastic foundation ey = kz)';)zix Ot g X
- T )75 J/
L
Fig. 1 Axially Loaded Pinned-Pinned tapered beam resting on two Fig. 2: Forces acting on differential element of the
parameter foundation beam

Where k, is the linear coefficient of elastic foundation (linear stiffness); k, is the nonlinear
coefficient of elastic foundation (nonlinear stiffness); Q (x) is the vertical shear force; M (x) is internal
moment; p is density of the beam per unit volume; A(x) is area of the beam cross section at distance x;
I(x) is moment of inertia of the beam cross section at distance x; E is the young's modulus of the beam
material; y(x, t) is the lateral displacement of the beam, x is the distance along the beam; and t is the time.
The partial differential equation (PDE) for Bernoulli beam is given as

a
o (EI —y) + (B — k)2 + kyy + pAZE = q(x,1) (1)
For free vibration q(x, t) = 0, then eqgn. (1) leads to.
92 92 02 02
S (E1S2) + (B — k)22 + kyy + pASE = 0 @)

Convert egn. (2) to dimensionless version by using dimensionless parameters X=x/L & W=y/L, then:
9% (EI d°w Py—k,
_ ﬁ(ﬁ_&xz) + ( L ) axz T oy =0 _ _ _(3)
The lateral displacement W(X) is distributed into two independent functlons, one for spatial variation

(mode shape function ®(X)) and the other for time variation W(t) by using the separation of variable
method. Then egn. (3) became as shown inegn. (4) and (5), where w = separation constant.

_1 a4 1 PR
PAL*®(X) dX? (EI de) PALZD(X) (B —k2) 4z + a0 4)

Y+ 02¥(t) =0 (5)
For initial conditions W(0) = 1 and W(0) = 0, The solution of eqn.(5) equals W(t) = coswt.
For the tapered beam shown in Fig. (1), where the tapering ratio « is defined as « = d;/d,,then the area
and the moment of inertia at distance x are given as:

A1+ (@ —1) = 2X]; o<x<1/,
A1+ (@—-1D*2+(1-X)]; I/, <x<1

AX) = (6)
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I[1+ (e — 1) = 2X]3; o<x<l/,

1(X) = 7
L1+ (a@—1)*2*(1—-X)]3 1/2SXS1 ()
Substitution egn. (6) and eqgn. (7) into egn. (4) gets the governing equation:
d*d dale d?e
S (B o+ (n +mP) S5+ (61 — £0D)(x) =0 ®)
_ 2 diX) _ 1 d¥I(X)  kpl? L2 _ kql? _ pAL*
Where p = 0 ax ’ M T axz mm 12 T Ex 1= EI(X) ’ §2 = EI(X) ©)

Then the PDE is transformed into a homogeneous system of N algebraic equations by using DQM.
However, the solution of the linear version of egn. (3) depends on the boundary conditions at the beam
ends.

2.2. Boundary Conditions:
The simply supported end condition (Pinned-Pinned (P-P)) in dimensionless form are expressed as:

d?o
CDZE:O' at X=0 (10)
o=%22_0 at x=1 (11)
“ax @ -

3. Problem Solution Using DQM:

3.1.Differential Quadrature Method (DQM):

The solution of egn. (8) is obtained using the DQM, where the solution domain is discretized into N
sampling points and the derivatives at any point are approximated by a weighted linear summation of all
the functional values at the other points [12].

d™f (x) Yaclt. f(x), fori=12,..Nandm=12,..,.M 12)

amx

Where M is the order of the highest derivative in the governing equation, f(x;) is the functional value

at point of x=x and C;"; are the weighting coefficients relating the derivative m at x=x; to the functional

value at x=x;. To get the weighting coefficients, many polynomials with different base functions can be

used. Lagrange interpolation formula is used, where the functional value at a point x is approximated by
all the functional values f(xy) , (k=1, N) as:

N (e
f(x)=3YN_, (x—xg]._lri’gﬂ (;)i_Xk) () i=12,.,N&k=12,.,N (13)

Substitution of egn. (18) into eqn.(17) gets the weighting coefficients of the first derivative as [12]:

1) _ =1 Gci—x1) . ——
G = Gam) Mg T F D and G =11 a4
Ci(,jl') =Y 1 Clj for(i=j)and(i,j =1,N) (15)
Applying the chain rule on eqn.(17), the weighting coefficients of the (m) order expresses as:
C = =3NS for (i,j = 1,N) and (m = 1, M) (16)

As the DQM is a numerical method, its accuracy is affected by both the number and the distribution
of discretization points. In boundary value problems, it is found that the irregular distribution of the
discretization points with smaller mesh spaces near the boundary to cope the steep variation near the
boundaries is more adaptable. One of the frequently used distributions for mesh points is the normalized
Gauss-Chebychev — Lobatto distribution given as:

x; = %[1 — cos (w)] ,i=12,..,N a7

N-1

3.2.Discretization of Boundary Condition:
The boundary condition at beam ends may be written in the DQM discretized form as:
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1

®, = AXNpp Zg:_32 AXK1lpp . Dy (19)
1 —
Py-1 = v YA=2AXKNpp . Dy (20)
Oy =0 (21)
Where AXK1pp = €3 . CR_ — S, e (22)
AXKNpp = €3 .cih — ¢ .cih (23)
AXNpp = {5 .co0_ = ¢S e, (24)

Expressing the unknown functional values at beam ends,®,; ®,; ®5_; and ®y in terms of the other
functional values, ¢, (i=3, N-2), then the governing equation can be discretized at N-4 points yielding a
system of N-4 homogeneous algebraic equations in N-4 unknown function values , ¢;, (i=3, N-2), in
addition to the parameters of axial load and vibration natural frequency.

3.3.Discretization of Governing Equation:
Using the DQM, the governing equation of can be discretized at N-4 sampling points as:

TN CR D + B TNy CR Dy + [0 (XD + (XD Pl They €20y — [6(X) — & (XD w?]D; =0,

for i=34,..,N—2 (25)
Then, using Lagrange interpolation polynomial and then obtains:
N2 (Cop + BeCaye + 11, + 12y Po — (81 — §2,07)80 ) C3y @ =0 (26)
— 1 i=k
Where Six = kronecr delta {0 Pk (27)

C;, Cy, C4 are parameters introduced to simplify the obtained equation
(AXK1pp)C P +(AXKNpy ) CN_

€ =C - ) (28)

e [ ), 2
2 Lk (AXNpp)

C.=c® _ (AXK1pp)C 3 +(AXKNpp)C R4 | (30)
3 it (AXNpp)

Eqgn. (25) represents a homogeneous system of N-4 equations with two parameters (P, and o).
Assigning a value for one of the two parameters leads to Eigenvalue problem, which can be solved to
obtain the value of the other parameter. However, to calculate the critical axial load P, the » is assumed
zero to eliminate the inertia term in governing equation. For o calculations, appropriate value for axial
load (P,<P,) is assumed. A MATLAB program has been designed to solve the non-dimensional system
egn. (25) and calculating critical loads, vibration natural frequencies and the functional values of
dimensionless lateral displacement at different locations along the beam.

3.4. Verification of present solution:

Many comparisons for simple cases are introduced, each of them verify certain parameter of the

present problem. Introducing the following dimensionless parameters for both linear and nonlinear

coefficient of subgrade reaction:
= k. L*

ki = El, (31)

= kL2

ky = nZZ_EIo (32)
Defining the loading ratioy as: y = ;—" (33)

cr

Where Pg, is the critical load for the actual beam.
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3.4.1. Comparison with analytical results for prismatic beam:

To verify the present solution, values of the frequency parameter A and stability parameter A, for the
case of simply supported prismatic beam are calculated and compared with exact solutions [4] in Table (1).
To obtain the critical load P, the eigenvalue problem is solved assuming zero natural frequency (w).

TABLE I: values of frequency parameter for prismatic beam

Frequency Parameter </1 = /"AE—“I’Z”> Stability Parameter </1,, = "Zj,“)

Exact Solution 3.141 n = 3.1415
DQM 3.141 3.1413

3.4.2. Comparison with FEM results for tapered beam:

Values of the stability parameter Ay calculated using the present analysis are compared with values
obtained using the finite element method [4] for the case of prismatic beam with pinned -pinned supports
resting on two-parameter elastic foundation. The results indicate close agreement between the two
approaches as shown in Table (11).

TABLE Il: Comparisons of values of stability parameter for prismatic beams

k,
k, 0 0.5 1 25
FEM Present FEM Present FEM Present FEM Present
0 3.1415 3.1414 3.8475 3.8375 4.4428 4.4425 5.8774 5.8719
1 3.1576 3.1567 3.8609 3.8604 4.4543 4.4544 5.8860 5.8794
10° 4.4723 4.4642 4.9936 4.9868 5.4654 5.4595 6.6840 6.6799
10* 14.191 14.204 14.364 14.377 14.535 14.547 15.036 15.025

Another attempt to verify the present solution, values of the frequency parameter A for Clamped —
Clamped prismatic beam are calculated using the present analysis and compared with values obtained by
using finite element method [4] and found in close agreement as shown in Table (l11).

TABLE Il1I: values of frequency parameter for tapered beam

kZ

ke | v 0 05 1 25
FEM Present FEM Present FEM Present FEM Present
0.0 | 31415 3.1402 3.4767 3.4745 3.7306 3.7342 4.2970 4.2949
02 | 209734 2.9707 3.2906 3.2891 3.5306 3.5313 4.0669 4.0640
0 | 04| 27705 2.7622 3.0661 3.0598 3.2947 3.2859 3.7893 3.7819
0.6 | 25097 2.4870 2.7773 2.7694 2.9842 2.9707 3.4319 3.4195
0.8 | 21257 2.1020 2.3520 2.3363 2.5270 2.4990 2.9050 2.8787
0.0 | 37483 3.7475 3.9608 3.9607 4.1437 41414 45824 45819
0.2 | 35477 3.5454 3.7487 3.7449 3.9218 3.9190 4.3370 4.3319
10% | 04 | 33055 3.3010 3.4928 3.487 3.6541 3.6479 4.0408 4.0318
0.6 | 2.9940 2.9840 3.1635 3.1535 3.3095 3.2980 3.6594 3.6451
0.8 | 25350 2.5129 2.6782 2.6555 2.8014 2.7765 3.0964 3.0683
0.0 | 10.024 10.024 10.036 10.036 10.048 10.048 10.084 10.083
0.2 | 9.9249 9.9230 9.935 9.9331 9.9449 9.9431 9.9746 9.9731
10* 04 | 95938 9.5663 9.6274 9.5986 9.6608 9.6317 9.7585 9.7317
0.6 | 9.0933 9.0748 9.1219 9.1011 9.1500 9.1262 9.2314 9.2077
0.8 | 80156 7.7318 8.0600 7.7781 8.1034 7.8240 8.2276 7.9816
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4. Numerical Results:

Values for the stability parameter are calculated for different values of tapering ratio o = d,/d, and
presented in Table (1V). The stability parameter represents the stiffness of the studied beam configuration
against buckling due to axial load. Indeed, the stability parameter increases as the overall stiffness of the
beam-foundation system increases. The overall stiffness of the beam foundation system composed of the
flexural rigidity of the beam and the stiffness of the foundation.

TABLE IV: Variation of stability parameter A, with o and boundary condition (k; = 0)

Ap
x=1 x=1.1 x=1.2 x=1.3 x=1.4 x=1.5
k,=0 3.1413 3.4631 3.768 4.0369 4.292 4.5309
k,=25 5.8644 6.0495 6.229 6.3966 6.506 6.7062

Figure (5.5) to Figure (5.7) show the effects of foundation parameters on stability parameter for
Pinned — Pinned beam (P-P) for chosen values of tapering ratio a. It is clear that the stability parameter A,
increases as the foundation parameters increase and as the tapering ratio increases. The significant
influence of the foundation parameter appears for value of k1 >100 and for values of k,>0. However
the mutual influence of tapering ratio and foundation parameters is more noticeable for small values of a.
The effects of foundation parameters and tapering ratio on stability of the beam-foundation system are
shown in Figure (5.8) for wide range of these parameters. It is obvious that the effect of tapering ratio is
more noticeable for small values of foundation parameters.

A ,

4y

k,=2.5 4

— iy 0 8 s

4

Fig. 5: Influence of the foundation
parameters on the stability parameter
in case of P-P beam for «c=1.5

‘ -
Fig. 4: Influence of the foundation
parameters on the stability parameter in
case of P-P beam for «c=1.2

Fig. 3: Influence of the foundation
parameters on the stability parameter in
case of P-P beam for <=1
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Fig. 6: Influence of the loading ratio on the frequency
parameter for case of (P-P) ;(k; = 0,k, = 0.5)

Fig. 7 Influence of the loading ratio on the frequency
parameter for the case of (P-P);( k; = 103,k, = 0.5)

The effect of loading ratio on the frequency parameter for the case of (P-P) case is shown in Fig.
(5.20) to Fig. (5.21) for chosen values of the foundation parameters and the tapering ratio. It is clear that
the frequency parameter increases as the loading ratio P, decreases and as the foundation and tapering
parameters increase. The effect of loading ratio is nearly linear for stiff foundation for all chosen values of
the tapering ratio.
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5. Conclusions

The stability and frequency parameters of axially-loaded simply supported tapered Bernoulli beam

resting on a two-parameter elastic foundation were investigated using DQM. The obtained results found
in a close agreement with both analytical method and FEM. It can be noted that increasing of both the
natural frequencies and the critical loads led to increasing the integrated stiffness of the system. The
integrated stiffness of the system represents a combination of the flexural stiffness of the beam and the
stiffness of the foundation. The results also indicated that the natural frequency of the beam-foundation
system increased when the applied axial load decreased, because the component of the compression axial
load acted in the opposite direction of the restoring force produced from the overall stiffness of the beam
foundation system.

6. References

(1]

(2]

(3]

[4]
(5]

[6]

[7]

(8]

[0l

[10]

[11]

[12]

Maurizi, M. J., Bambill De Rossit, D. V. and Laura, P. A. A., “Free and forced vibration of beams elastically
restrained against translation and rotation at the ends,” J. Sound and Vib; vol. 120(3), p.p. 626-630, 1988.
http://dx.doi.org/10.1016/S0022-460X(88)80234-7

Gutierrez, R. H. , Laura, P. A. A. and Rossi, R. E., “Natural frequencies of a Timoshenko beam of non-
uniform cross-section elastically restrained at one end and guided at the other,” J. Sound and Vib., vol. 141,
p.p. 174-179, 1990.

http://dx.doi.org/10.1016/0022-460X(90)90521-Z

Lee, S.Y. and Ke, H.Y., “Free vibrations of a nonuniform beam with general elastically restrained boundary
conditions,” J. Sound Vib. ; vol. 136,p.p. 425-437, 1990.

http://dx.doi.org/10.1016/0022-460X(90)90454-8

Taha M. H. and Abohadima S, “Mathematical model for vibrations of nonuniform flexural beams,” Eng.
Mech., vol. 15 (1), p.p. 3-11, 2008.

Ruta, “Application of Chebychev series to solution of non-prismatic beam vibration problems,” Journal of
Sound and Vibration, vol. 227(2), p.p. 449-467, 1999.

http://dx.doi.org/10.1006/jsvi.1999.2348

K. Sato, “Transverse vibrations of linearly tapered beams with ends restrained elastically against rotation
subjected to axial force,” International journal of Mechanical Science, vol. 22, p.p. 109-115, 1999.
http://dx.doi.org/10.1016/0020-7403(80)90047-8

M. A Rosa, F. Colangelo and A. Messina, "Dynamic stability of beams on two parametric elastic soil subjected
to partially tangential forces." Journal of Mechanics Research Communications, vol. 30, p.p. 187-191, 2003.
http://dx.doi.org/10.1016/S0093-6413(02)00250-1

Seong-Min Kim, "Vibration and stability of axial loaded beams on elastic foundation under moving harmonic
loads." Journal of Engineering Structures, vol. 26, p.p. 95-105, 2004.
http://dx.doi.org/10.1016/j.engstruct.2003.12.002

http://dx.doi.org/10.1016/j.engstruct.2003.09.001

Bichir, s., R.A Esmaeel and M. M. Nassar, "Free and forced vibrations of a post-buckled delaminated beam-
plate resting on a two parametyer elastic foundation." Mechanics and Mechanical Engineering, Technical
University of Lodz, vol. 1, p.p. 207-222, 2005.

Rajasekhara, N., Naidu, N.R. and Rao , G.V., “Free vibration and stability behavior of uniforms beams and
columns on non-linear elastic foundation,” Computer and structure, vol. 58(6), p.p. 1213-1215, 1996.

Naidu, N. R., Rao, G. V. and Raju, K.K., “Free vibrations of tapered beams with nonlinear elastic restraints,”
Sound Vib., vol. 240(1), p.p. 195-202, 2001.

http://dx.doi.org/10.1006/jsvi.2000.3112

Bert, C., Wang, X. and Striz, A., “Static and free vibrational analysis of beams and plates by differential
quadrature method,” Acta Mechanics, vol. 102(1-4), p.p. 11-24, 1994,

http://dx.doi.org/10.1007/BF01178514

http://dx.doi.org/10.17758/UR.U0316322 90


http://dx.doi.org/10.1016/S0022-460X(88)80234-7
http://dx.doi.org/10.1016/S0022-460X(88)80234-7
http://dx.doi.org/10.1016/S0022-460X(88)80234-7
http://dx.doi.org/10.1016/0022-460X(90)90521-Z
http://dx.doi.org/10.1016/0022-460X(90)90521-Z
http://dx.doi.org/10.1016/0022-460X(90)90521-Z
http://dx.doi.org/10.1016/0022-460X(90)90521-Z
http://dx.doi.org/10.1016/0022-460X(90)90454-8
http://dx.doi.org/10.1016/0022-460X(90)90454-8
http://dx.doi.org/10.1016/0022-460X(90)90454-8
http://dx.doi.org/10.1006/jsvi.1999.2348
http://dx.doi.org/10.1006/jsvi.1999.2348
http://dx.doi.org/10.1006/jsvi.1999.2348
http://dx.doi.org/10.1016/0020-7403(80)90047-8
http://dx.doi.org/10.1016/0020-7403(80)90047-8
http://dx.doi.org/10.1016/0020-7403(80)90047-8
http://dx.doi.org/10.1016/S0093-6413(02)00250-1
http://dx.doi.org/10.1016/S0093-6413(02)00250-1
http://dx.doi.org/10.1016/S0093-6413(02)00250-1
http://dx.doi.org/10.1016/j.engstruct.2003.12.002
http://dx.doi.org/10.1016/j.engstruct.2003.12.002
http://dx.doi.org/10.1016/j.engstruct.2003.12.002
http://dx.doi.org/10.1016/j.engstruct.2003.09.001
http://dx.doi.org/10.1006/jsvi.2000.3112
http://dx.doi.org/10.1006/jsvi.2000.3112
http://dx.doi.org/10.1006/jsvi.2000.3112
http://dx.doi.org/10.1007/BF01178514
http://dx.doi.org/10.1007/BF01178514
http://dx.doi.org/10.1007/BF01178514

[13]

[14]

[15]

[16]

[17]

M. Essam and M. Taha, “Stability behavior and free vibration of tapered columns with elastic end restraints
using the DQM method,” Ain Shams Engineering Journal [online], vol. 4(3), p.p. 515-521, 2013. Available:
http://www.sciencedirect.com/science/article/pii/S2090447912000937

Said, Mahmoud Essam Abdelazim Ahmed. , “Analysis of stability and free vibration behavior of tapered
beams with elastic restraints on two parameter elastic foundation using differential quadrature method.” M.S
Thesis, Cairo University, Faculty of Engineering, Egypt, 2012. Available:
http://erepository.cu.edu.eg/index.php/cutheses/thesis/view/10686

Mahmoud E. Said, “Analysis of Axially Loaded Non-prismatic Beams with General End Restraints Using
Differential Quadrature Method.” International Conference on Architecture, Structure & Civil Engineering
(ICASCE 2015) Antalya (Turkey), Sep. 6 -7, 2015 Available:
http://urst.org/siteadmin/upload/5145U0915326.pdf

Mahmoud E. Said, M. Nassar, M. Taha, and A.A. Adelgawad, “Free vibration and stability behavior of non-
prismatic clamped-clamped beams resting on elastic foundations using DQM” International Conference on
Green Buildings, Civil and Architecture Engineering (ICGBCAE'15) Dubai (UAE), Dec. 25-26, 2015.

Shu, C., “Differential quadrature and its application in engineering.” Springer, Berlin, 2000.
http://dx.doi.org/10.1007/978-1-4471-0407-0

http://dx.doi.org/10.17758/UR.U0316322 91


http://www.sciencedirect.com/science/article/pii/S2090447912000937
http://www.sciencedirect.com/science/article/pii/S2090447912000937
http://www.sciencedirect.com/science/article/pii/S2090447912000937
http://erepository.cu.edu.eg/index.php/cutheses/thesis/view/10686
http://urst.org/siteadmin/upload/5145U0915326.pdf
http://dx.doi.org/10.1007/978-1-4471-0407-0
http://dx.doi.org/10.1007/978-1-4471-0407-0



